Abstract. We show that a Banach space is a Grothendieck space if and only if every continuous convex function on X has a continuous biconjugate function on X * * , thus also answering a question raised by S. Simons. Related characterizations and examples are given.
Introduction
In [12, Example 2.8], Simons showed that
is a continuous convex function on c 0 whose Fenchel biconjugate f * * fails to be continuous as an extended real-valued function on ∞ . In this note, if a function is said to be continuous without any further qualifications, it is assumed that the function is real-valued. However, lower semicontinuous functions may map into the extended real numbers R ∪ {∞}. In the case a function f may take the value ∞ and f (x n ) → f (x) in the usual topology on R ∪ {∞} whenever x n → x in norm, we will say that f is continuous as an extended real-valued function. For example, the biconjugate f * * of f from (1.1) is not continuous as an extended real-valued function because [12, Example 2.8] produces a sequence x n → x 0 in ∞ such that f * * (x n ) = ∞ while f * * (x 0 ) < ∞. Let us note that any continuous convex function whose biconjugate fails to be continuous must be unbounded on some bounded set [12, Equation (2.7.1)], and that the Josefson-Nissensweig theorem ensures that each infinite dimensional Banach space admits a continuous convex function that is unbounded on some bounded set [2, Theorem 2.2] . It is asked in [12, Problem 2.9] whether a continuous convex function whose biconjugate fails to be continuous can be constructed on each nonreflexive Banach space. The purpose of this note is to answer this question negatively and to present some related results concerning extensions of convex functions.
We shall work in real Banach spaces X with closed unit ball and unit sphere denoted by B X and S X respectively; the dual of X is denoted by X * . Unless specified otherwise, the continuity of a function is with respect to the norm topology. Given
The biconjugate function f * * is defined on X * * as the conjugate function of f * . Then f * is weak * -lower semicontinuous as a supremum of weak * -continuous functions, and f * * is the supremum of the weak * -lower semicontinuous convex (or affine) functions that are majorized by f . While f * * is the largest weak * -lower semicontinuous convex extension of a continuous convex function f to X * * , in general, the set of weak * -lower semicontinuous convex extensions has no least element [8] . See also [12] for further discussion on conjugate functions.
Continuity of biconjugates and convex extensions
Recall that a Banach space is called a Grothendieck space if weak and weak * convergence coincide for sequences in its dual. The nonreflexive Grothendieck spaces include C(K) spaces where K is compact quasi-Stonean; see [11, Theorem II.10.4] . Thus, in particular, ∞ (Γ) where Γ is infinite is a Grothendieck space (see [6, p. 156] ). Furthermore, biduals of any AM-space-and hence biduals of C(K) spacesare Grothendieck spaces because these biduals are C(K) spaces where K is compact Stonean (see [11, p. 121] ). On the other hand, the Eberlein-Šmulian theorem ensures that a non-reflexive Grothendieck space cannot have a weak * -sequentially compact dual ball and so cannot be a Gâteaux differentiability space; see [7, Theorem 2.1.2]. Nonetheless, Haydon has constructed a nonreflexive Grothendieck space C(K) space that fails to contain a copy of ∞ [9] , and assuming the continuum hypothesis Talagrand has constructed such a space that neither contains ∞ nor has it as a quotient [13] . 
Suppose f is continuous and convex on X, but some weak * -lower semicontinuous convex extension, sayf , is discontinuous on X * * . Becausef is lower semicontinuous, it would be continuous if it were finite valued everywhere. Thus we choose Φ ∈ X * * so thatf (Φ) = ∞. Let the weak * -closed convex sets C n be defined by C n = {Λ ∈ X * * :f (Λ) ≤ n}. Now Φ ∈ C n for all n and so we choose
Now there is some δ > 0 such that sup Cn φ n ≥ δ > 0 because f is continuous at the origin in X, and where without loss of generality, we have assumed f (0) < n for all n. Therefore φ n , Φ ≥ δ for all n and so φ n → w 0 in X * . However, if φ n → w * 0, then we can choose x 0 ∈ X such that φ n , x 0 > Φ for all n, by passing to a subsequence as necessary. Then
Therefore, we have constructed a sequence {φ n } in X * that converges weak * to 0 but does not converge weakly to 0, and so X is not a Grothendieck space.
Suppose X is not a Grothendieck space. Let {x * n } be a sequence in S X * such that x * n → w * 0, but x * n → w 0. We will construct a function f that is Fréchet differentiable and convex on X such that all of its weak * -lower semicontinuous extensions to X * * fail to be continuous as extended real-valued functions. Choose Φ 0 ∈ X * * such that lim sup x * n , Φ 0 > 1. Passing to a subsequence, we may assume [8, Proposition 7] ). This extension is the canonical extensionf of f to X * * where for Φ ∈ X * * we writef (
Thenf is weak
* -lower semicontinuous because it is a sum of positive weak * -lower semicontinuous functions. Now let Φ n = (1 + To present this result somewhat more generally, we say, as in [2] , that a Banach space X has the DP * -property if x * n , x n → 0 whenever x * n → w * 0 in X * and x n → w 0 in X, or equivalently if weak * and Mackey convergence agree sequentially in X * . Banach spaces with the Grothendieck and Dunford-Pettis properties-the latter being possessed by all C(K) spaces [6, p. 177]-have the DP * -property (see [2] for more information). Consequently, Grothendieck C(K) spaces such as ∞ (Γ) and biduals of any C(K) space have the DP * -property (see also [11, §II.9] ). Therefore, the following theorem applies, in particular, when X is a C(K) space not containing 1 , that is, when K is a scattered compact set [4 
Letf be a continuous convex extension of f . It follows from [3, Theorem 2.7] thatf is bounded on weakly compact subsets of X * * , and thus f , its restriction to X, is bounded on weakly compact subsets of X. Observe further that Example 2.2(a) shows that the condition X * * has the DP * -property cannot be dropped in Theorem 2.3 (for the (c) implies (b) implication) because the James space J has a separable dual and so does not contain 1 . On the other hand, [3, Theorem 2.4] ensures that the condition X ⊃ 1 is needed in the (d) implies (e) implication of Theorem 2.3. Furthermore, we next observe that the equivalence of (b) and (e) in the previous theorem actually characterizes Banach spaces whose duals have the Schur property (a Banach space is said to have the Schur property if weakly convergent sequences are norm convergent). * that converges weakly to 0 while x * n = 1 for all n. Proceeding as in the proof of Theorem 2.1, we can construct a continuous convex functionf on X * * that is weak * -lower semicontinuous and Fréchet differentiable on X * * and unbounded on some bounded set. Now let f be the restriction off to X. Reasoning as in Theorem 2.1, we get thatf = f * * , and so f * * is continuous, but unbounded on a bounded set becausef is on a bounded set. According to [12, Equation (2.7.1)] f is unbounded on some bounded subset of X.
Our final result makes some observations related to Theorem 2.3 concerning the extension of continuous convex functions to arbitrary superspaces of spaces not containing 1 . 
